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Math 140 
Introductory Statistics

Professor B. Abrego
Lecture 15

Sections 8.2
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8.2 Testing a Proportion

People often make decisions with data by comparing 
the results from a sample to some predetermined 
standard. These kinds of decisions are called tests 
of significance.
Goal: To test the significance of the difference 
between the sample and the standard. 

Small difference: there is no reason to conclude that 
the standard doesn’t hold. 
Large enough difference: If it can’t reasonably be 
attributed to chance, you can conclude that the 
standard no longer holds.
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Example
About 2% of barn swallows have 
white feathers in places where the 
plumage is normally blue or red. 
The white feathers are caused by 
genetic mutations.
In 1986, the Russian nuclear 
reactor at Chernobyl leaked 
radioactivity. Researchers 
continue to be concerned that the 
radiation may have caused 
mutations in the genes of humans 
and animals that were passed on 
to offspring. 
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Example
In a sample of barn swallows 
captured around Chernobyl in 1991 
and 1996, about 14% had white 
feathers in places where the 
plumage is normally blue or red.
Researchers compared the 
proportion 0.14 in the sample of 
captured barn swallows to the 
standard of .02. If the overall 
percentage was still only 2%, it is 
not reasonably likely to get 14% in 
their sample. 
So they came to the conclusion that 
there was an increased probability 
of genetic mutations in the 
Chernobyl area. Source: Los Angeles Times, 
October 9, 1997, page B2.



5

Informal Significance Testing
People tend to believe that 
pennies are balanced. They 
generally have no qualms about 
flipping a penny to make a fair 
decision. Is it really the case that 
penny flipping is fair? What about 
spinning pennies?
The logic involved in deciding 
whether or not to reject the 
standard that spinning a penny 
results in heads 50% of the time 
makes use of the same logic as 
that involved in estimating a 
proportion in Section 8.1.

6

Spinning Pennies
Jenny and Maya’s Spins

Jenny and Maya wonder if 
heads and tails are equally 
likely when a penny is spun. 
They spin pennies 40 times 
and get 17 heads. Should 
they reject the standard that 
pennies fall heads 50% of 
the time even if heads and 
tails are equally likely?

425.0
40
17ˆ ==p

The value 0.425 falls in the 
reasonably likely interval 
obtained from p = 0.5. 
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Statistical Significance

A sample is statistically significant if it is 
not a reasonably likely outcome when the 
proposed standard is true.
Jenny and Maya’s result is not statistically 
significant since their sample proportion of 
0.425 falls within the reasonably likely interval 
of p = 0.5.
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Spinning Pennies
Miguel and Kevin’s Spins

Miguel and Kevin also spun 
pennies and got 10 heads 
out of 40 spins for a sample 
proportion of 0.25. Is this a 
statistically significant 
result?

25.0
40
10ˆ ==p

The value 0.25 falls outside 
the reasonably likely interval 
obtained from p = 0.5. 

This is a statistically 
significant result!
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Spinning Pennies
Miguel and Kevin’s Spins

Miguel and Kevin also spun 
pennies and got 10 heads out 
of 40 spins for a sample 
proportion of 0.25. Is this a 
statistically significant result?

The value 0.25 falls outside 
the reasonably likely interval 
obtained from p = 0.5.

Another solution 
is to calculate the 
95% Confidence 
Interval using 

and 
verify that 0.5 is 
not in it.25.0
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Basic Notation.

Population proportion of successes
(Unknown in general)

Sample proportion of successes
(What we recorded from our sample)

Hypothesized value of the population 
proportion. (The Standard)

p̂

p

0p
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Discussion: Statistical Significance
A 1997 article reported that two-thirds of teens in grades 7–12 
want to study more about medical research. You wonder if this 
proportion still holds today and decide to test it. You take a 
random sample of 40 teens and find that only 23 want to study 
more about medical research.
Source: CNN Interactive Story Page, www.cnn.com/tech/9704/22/teentech.poll/, April 22, 
1997.

a. What is the standard (the hypothesized value, p0, of the 
population proportion)?
b. What is an alternate hypothesis?
c. What is the sample proportion?
d. Is the result statistically significant? That is, is there 
evidence leading you to believe that the proportion today is 
different from the proportion in 1997?
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Discussion: Statistical Significance

a. What is the standard (the hypothesized value, p0, 
of the population proportion)?
Answer: p0 = 2/3 = 66.66%
b. What is an alternate hypothesis?
Answer: That the proportion nowadays is different 
from that in 1997, that is that p0 is different from 2/3.

c. What is the sample proportion?
Answer: The sample proportion is  

575.040/23ˆ ==p
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Discussion: Statistical Significance

d. Is the result statistically significant? That is, is 
there evidence leading you to believe that the 
proportion today is different from the proportion in 
1997?
One possible solution is to calculate the 95% 
Confidence Interval and then check whether the 
value p0 = 2/3 is in the interval or not.

Here is the standard procedure.

Do it!

14

The Test Statistic
To check if the sample proportion     is statistically significant 
with respect to the standard p0 we just need to check if     is a 
rare event in the distribution generated by p0.
We know the distribution is approximately normal with 

So we can calculate the z-score of     :

And if we get z < –1.96 or z > 1.96 then     is statistically 
significant.
The numbers –1.96 and 1.96 are called critical values.
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This value of z is called 
the Test Statistic
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Other Critical Values
The dividing points are called critical values (denoted z*). Other z*-
values commonly used as critical points are

If the value of the test statistic is more extreme than the critical values 
you have chosen, you reject the standard and say that the result is 
statistically significant.

A larger critical value makes it harder to reject the standard. If you use 
z* = ±1.96, then to reject the standard, the test statistic z must fall in the 
outer 5% of the standard normal distribution. If you use z* = ±1.645, the 
value of z must fall in only the outer 10% of the distribution. 

Each critical value is associated with a corresponding percentage, α
(alpha), called the level of significance. If a level of significance isn’t 
specified, it is usually safe to assume that α = .05 and z* = ±1.96.

1% of cesignifican of level a for  
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Example
Find the test statistic from Jenny and Maya’s data on spinning 
pennies. (17 Heads out of 40 spins) What do you conclude if α = 
0.10?
Recall that the test statistic is:

Since we are testing if the probability of getting heads is 0.5,
then we have p0 = 0.5, n =40, and sample proportion p hat of 
17/40 = 0.425. Thus
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The critical values associated 
to α = 0.10 are z* = ±1.645. 

Since our test statistic falls in 
between, then the conclusion 
is that the sample is not
statistically significant. 
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Example
Use your z-table (or your calculator preferably) to answer these 
questions.

a. What level of significance is associated with critical values
of z* = ±2.576?

Answer: We need to find the area under the curve between –
2.576 and 2.576 in the standard normal distribution. We can 
do this using: 

normalcdf(–2.576 , 2.576)=0.9900048

So the level of significance is equal to 100% – 99% = 1%.

b. What critical values are associated with a level of 
significance of 2%? 

Answer: We need to find the z-values that correspond to the 
middle 98% of the area under the standard normal 
distribution, that is the values that leave 1% at the beginning 
and 1% at the end. By symmetry we can find only one of 
them. We can do this using:

invNorm(0.01)=–2.32634
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Formal Language of Test Significance
(Components of a Significance Test for a Proportion)

1. Give the name of the test and check the 
conditions for its use. For a significance test for a 
proportion, three conditions must be met.

The sample is a simple random sample from a 
binomial population.
Both np0 and n(1 – p0) are at least 10.
The population size is at least 10 times the sample 
size.
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Formal Language of Test Significance
(Components of a Significance Test for a Proportion)

2. State the hypotheses, defining any symbols. 
When testing a proportion, the null hypothesis H0 is

H0 : The percentage of successes p in the population 
from which the sample came is equal to p0.

The alternate hypothesis, Ha, can be of three forms:
Ha : The percentage of successes p in the population 
from which the sample came is not equal to p0.
Ha : The percentage of successes p in the population 
from which the sample came is greater than p0.
Ha : The percentage of successes p in the population 
from which the sample came is less than p0.
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Formal Language of Test Significance
(Components of a Significance Test for a Proportion)

3. Compute the test statistic z and compare it to the 
critical values z* (or find the P-value—as explained 
later in this section).
The test statistic is

Compare the value of z to the predetermined critical 
values. Include a sketch that illustrates the situation.
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Formal Language of Test Significance
(Components of a Significance Test for a Proportion)

4. Write a conclusion. There are two parts to stating a 
conclusion:
Say whether you reject the null hypothesis or don’t 
reject the null hypothesis, linking your reason to the 
results of your computations.

Tell what your conclusion means in the context of the 
situation.

Note: You should never say that you accept the null 
hypothesis, because all other values in the 
confidence interval for p could be plausible values, 
you cannot assert that p0 is the right one.
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Example 

Do the whole analysis for Miguel and 
Kevin’s spinning of 40 pennies getting 10 of 
them heads. 


